Chapter-1 Determinants and Matrices

Content :

> Definition of determinant
» Order of determinant

» Minor & cofactor

» Properties of determinant
» Cramer’s rule (two variable)

Introduction:
System of algebraic equations can be expressed in the form of matrices .

. The values of variables satisfying all the linear equations in the system is called solution of the system
of linear equations.

. If the system of linear equations has a unique solution , this unique solution is called determinant of
solution .

C. Definition :

. A determinant is defined as a function from set of square matrices to the set of real numbers .
. Every square matrix A is associated with a number, called its determinant,

denoted by det (A) or |A] or A.

. Only square matrices have determinants.

If the linear equations

ax+b=0

cx+d=0

. b d
have the same solution then —= 2

Orad-bc=0

The expression (ad — bc) is called a determinant and is denoted by the symbol |Z Z| where a, b, c, d

are called elements of the determinant . The elements in the horizontal direction form rows and
elements in the vertical direction form columns.

The det. Of A is written as |A| and is read as det. of A not modulus of A .

The above determinant has two rows and two columns, so it is called a determinant of 2nd order.



Similarly, Is a3rd order determinant.

N X O

a b
p q
Xy
Minors :-

The minor of an element a;; = M;;= the det. Obtained by omitting the i*" row and j column of a det.
in which a particular element occurs is called the minor of that element.

Minor of an element in a 3™ Order determinant is a 2" order determinant. Therefore in the above 3™

T
determinant Minor of a is |§I, zl'

p

T
The Minor of b is |x z| and cis |§ Z| . similarly we can find out the Minorsforp, q,r andx,y,z.

_la b
IFA = |C d|
And A stands for the value of the determinant then

Det (A)= |A| =A=ad -bc

And for 3™ order det.,

a b c

IfA=|p q 71| thenexpandingalong 1strow, we get,
Xy z

a4 r p r p q

-a |y Z| "0 z| TClx oy

=a My —-bM,, +c M3 ,where M;q, My, , M3 are minors of a, b, c respectively .

In the expansion of the determinant of 3rd order the signs with which the elements are multiplied may
be remembered by the following formula.

+ - +
— + —
+ - +

Cofactors :-
The cofactor of an element in a determinant is its coefficient in the expansion of the determinant .

It is therefore equal to the corresponding Minor with proper sign. Cofactors are generally denoted by
Cl] .

Cij= (D" My

Where C;; and M;; are respectively co-factor and minor of element a;; .

a;; a;z agz
a1 Az Aapzz
az; dazz ass

Thus in the determinant,




az; dzs a1 Qzs
Cofactor of a;,=(—1)1*1 | | Cofactor of a{, = (—1 1’“2| | Cofactor of a3 =
11=(—1) Az, Qssl’ 12= (—1) Az1 Qasl’ 13
(—1)1+3 |a21 a22|
asz; dsz

Similarly we can find out the cofactors of other elements .
d. Properties of Determinant :-

1. The Value of a det. does not change if the rows and columns of a determinant are interchanged

2. If two adjacent rows or columns of a determinant are interchanged then the value of the
determinant is changed by sign but the absolute value remains same .

3. If two rows or columns of a determinant are identical then the value of the determinant is zero .

4, If each element of any row or any column of a determinant is multiplied by same factor then
the determinant is multiplied by that factor .

5. If every element of any row or column of a determinant can be expressed as sum of two
number then the determinant can be expressed as the sum of two determinants.

6. A determinant remains unchanged by adding ‘K' times the element of any row or column to
corresponding element of any other row or column where ‘K' is any number.

€. EXAMPLES:

sina —cosa|

1. Evaluate | .
cosa sina

Solution : sin?a + cos?a =1

. 4 -1
2. Find the value of |3 2 | .
Solution: (4) (2) - (3) (-1)=8+3 =11

1 a bc
3. Without expanding provethat |1 b ca|l =(@-b) (b-c)(c-a)
1 ¢ ab

Solution : ApplyingR, , R, — R;,R; > R; — R, ,we get

1 a bc
A=10 b—a c(a—Db)
0 c—a b(a—rc)

Taking factors (b-a) & ( c- a) common from R, & R3 , respectively , we get

1 a bc
A=(b-a)(c-a)|0 1 -c
0 1 -b




=(b-a)(c-a)[(—b+c)] (expanding along 15t column )
=(a-b)(b-c)(c-a) (proved )

a—b b—c c—a
b—c c—a a-b»
c—a a—b b—c

4. Prove that =0

a—b b—c c—a
b—c c—a a-—b»
c—a a—b b—c
a—b+b—c+c—a b—c c—a
b—c+c—a+a—b c—a a—b| Applyingc; = ¢; + ¢; + ¢3
c—a+a—-b+b—-c a—-b b-c

Solution; L..S=

0 b—c c—a
= |0 c—a a-—b|=0 (proved)
0 a—b b-—c

f. Solution of simultaneous linear equations by Cramer's rule (two variables) :

The solution of two equations

a1X+b1y= dl
a2X+b2y= dz

. _ A_x _ A_y _ a, bl _ dl bl _ a, dl
areglvenbe—A,y- AWhereA- a, byl A, = d, b, andAy—a2 d,
Example : Solve the following by Cramer’s Rule

12 —1] _ _ 12 -1)_ _ _ 12 2|_5 ~_

Here A=|2 " '|=2+3=5,a,= |5 T'|-2413=15and a,= [ [=26-6=20

=B _ 25 = Ay _20_

X—A- -3,y-A-5-4

Short Questions :

1. Find the cofactors of each elementin = |§ _54

2 3 5
2. Evaluate |3 -1 0f.
1 0 O

sin®x  sinx. cosx|

3. Find the maximum value of | )
—Ccosx sinx

(W-20)



a—b-—c 2a 2a
2b b—c—a 2b
2c 2c c—b—a

4. Prove that = (a+b+c)d (w=-20)

Long questions :

a a® ad
5. Without expanding prove that | p b2 p3 |= abc (a-b)(b-c)(c-a).s
c c?c?
1 xx?
6. Without expanding prove that [ 1y y2 |=(x-y)(y-z)(z—x).
1z 7%
7. Solve the following by Cramer’s Rule (w-20)
2x - 3y=7

3x-2y=3

Q
o
Q



Chapter-1 MATRICES

Contents :

= Definition of matrix & its representation

= Order of a matrix

= Types of matrices

= Algebra of matrices

* Transpose, Adjoint & Inverse of a matrix ( 2"¢ & 3" order )
= Matrix method (linear equation in two & three unknowns)
= Problems on above

MATRIX :- A Matrix is a rectangular array of numbers arranged in rows and columns. If there are ‘m’
rows and ‘n’ columns in a matrix then it is called an ‘m’ by ‘n” Matrix or a matrix of order mx n. The first
letter in mxn denotes the number of rows and the second letter n denotes the number of columns.
Generally, the capital letters of English alphabet are used to denote matrices and the actual matrix is
enclosed in parentheses.

ai1 Q12 A13°° Q1n
Hence A= | @21 tlap
Ami e Amn

is a matrix of order mxn and a;; denotes the element in the it" row and jt* column . For example a,3 is
the element in the 2™ row and 3™ column .Thus the matrix A may be written as ( a;; ) where i takes
values from 1 to m to represent row and j takes values from 1 to n to represent column.

if m=n then the matrix A is called a square matrix of order n by n .Thus

iz Q12 Q13**  Qin
A= Q1 : Azn :| is asquare matrix of order n.
An1 o Ann

a . Types of Matrices:
1. Row matrix: A matrix with a single row is called a row matrix.
2. Column Matrix : A matrix with a single column is called a column matrix.

3. Square Matrix: A matrix in which number of rows is equal to number of columns is called a square
matrix.

4. Diagonal matrix: A square Matrix in which the non-diagonal elements are all zero is called a diagonal
matrix

5. Scalar Matrix: A diagonal Matrix in which the diagonal elements are all equal is called a scalar matrix.



6. Unit Matrix : The square Matrix whose elements on its main diagonal (left top to right bottom) are all
unity is called a unit matrix. It is denoted by | and it may be of any order.

7. Zero matrix: A matrix in which all the elements are all zero is called a zero matrix.
8. Singular matrix: A square matrix whose determinant value is zero is called a singular matrix

9. Non-singular matrix: A square matrix whose determinant value is not zero is called a non- singular
matrix.

10. Transpose of matrix : The transpose of a matrix A is the matrix obtained from A by changing its rows
into columns and columns into rows. It is denoted by A das or AT

b. Algebra of Matrices:

Equality of two matrices:

Two matrices A and B are said to be equal if and only if

1. Order of A and B are same .

2. Each element of A is equal to the corresponding element of B .
Additon of matrices :

The sum of two matrices A &B is the matrix such that each of its elements is equal to the sum of the
corresponding elements of A and B . The sum is denoted by A + B. Thus the addition of matrices is
defined if they are of same order and is not defined when they are of different orders. A, B & A+B are of
same order.

Subtraction of Matrices:— The subtraction Of two matrices A & B of the same order is defined as A- B =
A+(-B)

Product of a matrix and a scalar:-

The product of a scalar m and a matrix A is denoted by a mA, is the matrix each of whose elements is m
times the corresponding element of A.

2 1 3 3X2 3x1 3x3 6 39
Ex. fA=|-1 0 4])then3A=|3x-1 3x0 3x4]5-3 0 12
3 -2 1 3x3 3x-2 3x1 9 -6 3

Product Of two matrices:- The product of two matrices A & B (where the number of
columns in A is equal to the number of rows in B) is the matrix AB whose element in the it row and
jt" column is the sum of the products formed by multiplying each element in the i**row of A and the
corresponding element in the j** column of B.

Let A be an (mx k) matrix and B be a (k xn) matrix. The product of A and B, denoted by AB is the (mxn)

matrix with (i,j)*"*entry equal to the sum of the products of a corresponding elements from ith row of

A and Jth column of B.



For Example:1. if A= (a b),B:(x y) then AB:(ax+bu ay+bv)

c d uv cx +du cy+dv
a ax ay az
Ex.- 2. if A= <b> ,B=(x y z) thenAB= (bx by bz)
c cx ¢y cz
X
Ex-3. ifA=(a b ¢),B= <y> then AB = (ax + by + cz)
VA

Properties :

(n The multiplication of matrices is not necessarily commutative i.e, if A and B are two
matrices then AB is not equal to BA..

(1 The multiplication of matrices is associative i.e, if A,B,C are three matrices then (AB)C = A(BC),
Provided the products are defined.

(1) The identity matrix for multiplication for the set of all square matrices of a given order is the unit
matrix of the same order

(V) Let A and B be 2 matrices such that the product AB is defined. Then A =0 or B=0 or A=0=B
always implies that AB equal to 0. conversly AB=0 does not always imply that A =0 or B= 0 or A=0=B.

(V) The cancellation law does not hold for matrix multiplication, i.e CA=CB does not necessarily
imply A equal to B.

(vn) The distributive laws hold good for matrices. If A, B & C are three matrices then A (B+C)= AB +
AC, (A+B)C= AC + BC provided the addition and multiplication in above equations are defined .

TRANSPOSE OF A MATRIX :

Transpose of a mxn matrix A is the matrix of order nxm obtained by interchanging the rows and
columns Of A. The transpose of a matrix A is written as A' or AT

For example : if A= (; i) then AT = G 43})

Adjoint of a matrix : The adjoint of a matrix A is the transpose of the matrix obtained by replacing each
element a;; in A by its cofactor ¢;; . The adjoint of A is written as adj A. Thus if

ajp; Qi 413 A1 Az Ags
Q1 Az Qzz|thenadjA=]41 Az Ays

asz; 4z ds3

A=

31 A32 A33

e. INVERSE OF MATRIX : If A is a non-singular matrix, then it’s inverse matrix A~ ! is defined as

adjA

Al =
]

Where |A| is the determinant of matrix A .



0 1 2
Ex:4 Findinverse ofthe matrixA={1 2 3.
3 1 1

L . _n_1(13 12y_ . N 210 -
Solution : Expanding along R;, |A| =0 1(3 1)+2(3 1)— (1-9)+2(1-6)=8-10=-2#0

So, the inverse of A exists. Let (;; and M;; are cofactors and Minors of A.
Hence Cl] = (—1)i+jMij
Cofactorof 0, Cy; = (—=1)(+D ﬁ i| =+(2-3)=-1
Cofactorof 1, Cj, = (—=1)(1+2 |,31, i| =-(1-9)=8
Cofactorof 2, Cy3 = (—1)(+3) |; ﬂ =+(1-6)=-5
i _ e+ |1 2| _ -
Similarly cofactor of 1, C,; = (—1) 1117 -(1-2)=1
Cofactorof 2, Cp, = (—1)3+2 |g ﬂ = +(0-6) = -6
cofactor of 3, Cp3 = (—1)3+3) |03 11 | =-(0-3)=3
cofactor of 3, C3; = (—1)G+D B §| = +(3-4)=-1

cofactor of 1, C3, = (—=1)G+2 |(1) g =-(0-2)=2

cofactorof 1, C33 = (—=1)G*3) |2 ;| =+(0-1)=-1

we have
A1 A Ags -1 1-1
adjA=(Az1 Az Azz|=| 8—6 2
A3y Azp Ass —-53-1
_ [‘81_61‘21] -1/2 1/2 —1/2
A1 = adjA _l-53-1] _ 4 -3 1 (ANS)
1Al 2 -2 3/2-172

Solution of system of Linear equations by Matrix method : -

Suppose we have the following system of equations

ax + bly + C1Z2= d1



a,Xx + be +Crz = d2

asx + be +C3Z2 = d3

aq b1 C1 X d1
Where A = <a2 b, Cz) S X= <y> and B= (dz)
az bz c3 z ds

The equation in the matrix form becomes AX=B =>X=A"1B, if A #0

EX. -5 Solve the following system of equations by Matrix method

X—y+z=4, 2x+y—32=0, x+y+z=2

1 —-11 X 4
Solution: Here A=|2 1 —3 ,X=<y> ,B={0
1 1 1 z 2

[A] =2(1+3)—-(-1)(2+3)+1(2-1)=4+45+41=10+0
C11=+(1+3)=4, C12=_(2+3)=_5 C13::(2—1):1
C31=-(-1-1)=42 ¢y,=4+(1-1)=0 Cy3=-(1+1)=-2,
C31 = +(3_1)=2 , C32 = _(_3_2)==5, C33 = +(1+2)=3
. 4 -5 1
Cofactor Matrixof A=2 o -2
2 5 3
4 2 2
So,AdjA =| =5 05
1 -2 3
2 1 1

[ 1
-1 AdjA [1_5_20 53} 4 I—l 1 I
X=A B=>X= .B= 10 =_.4+0.0+_-2 = _2+ =
A 10 |2 N
1 J 5 5

[S2 0 lee)

1Bt
10 5 10
X 2
’ <y> ==[_1]=>X=2,v=-1,2=1 (ans)
z 1

SHORT QUESTIONS :-

1. Findx&yif [g 1] [;] - [_11] .

2. If[3 4 2]B=[21 0 3 6] then find the orderof B. (2010-w, 2014 w)



a a
Write down the matrix [ai a;;] if a;;=2i+3j (2008w)

Find the adjoint of the matrix [; _41] .

2 4 1 0

IfA= [3 13] and 1= 1] then find A- al . (2012-W)
LONG QUESTIONS :
1 11
1. Find the adjoint of the matrix (2 1 2 (2012w
1 3 1
2. Find the inverse of the followings
1 1 2 1 2 3 3 -2 3
(i) |JO 1 2| (2008W)(ii) |2 1 4](2014W)(ii)|2 1 -1 (2010w)
1 2 1 1 0 2 4 -3 2
3. Solve the following equations by Matrix method (2010 W)

X-y+z=4,2x+y-3z=0,x+y+z=2



Chapter- 2 Trigonometry

Objectives :

>
>
>

YV V VY

>

Preliminary ideas , Trigonometry functions and identities
Trigonometry ratios
Compound angles, multiple angles, submultiple angles (Only
formulae)
Problems on above
Definition of inverse circular function
Study its properties
Problems
> Short questions and Long questions

Introduction : The word trigonometry derived from greek words trigono and
metron , means the measurement of angles in a triangle. Trigonometry is that branch
of mathematics which deals with the relationship between the sides and angles of a
triangle.

Measurement of an angle : -

There are several units for measuring angles .Two most commonly used
units are degree measure and radian measure.

1.

Degree measure :



If a rotation from the initial side to terminal side is (1 /3 60) th of a
revolution, the angle is said to have a measure of 1 degree written as
1° . A degree is divided into 60 minutes and a minute is divided into 60
seconds .

2. Radian measure :-

There is another unit for measurement of an angle called the radian
measure. Angle subtended at the center by an arc of length one unit in
a unit circle (i.e circle of radius 1) is said to have a measure of 1 radian .

If in a circle of radius r an Arc of length | subtends an angle of P radians
thenl=rxP

Radian measure = t/180x degree measure

Degree measure = 180/m x radian measure

Trigonometric ratios of angles of any magnitude and sign convention

In Cartesian coordinate system X axis and y axis divide the plane into
four quadrants .

Case 1:- When P lies in the 1% quadrant, i.e 0°<P <90°
Then sinP = p/h= +ve
cosP=b/h=x/r is +ve

tanP=p/b = x/y is +ve !

cotP=b/p = y/xis +ve / 7 |y

secP=h/b =r/xis +ve

CosecP =h/p =r/yis +ve



tanP= P/b=X/vy is +ve

Since in the 1% quadrant x and y both are +ve so all the six ratios are
+ve .

CASE-2 when P lies in the 2" quadrant, i.e 90°< P <180°

Radius vector r Remains positive, y is +ve, x is -ve

Then sinP = p/h=y/r is +ve Xy
CosP=b/h = -x/r is - ve VI
tanP=p/b =y/-x is - ve (/ X
CosecP=h/p =r/yis + ve
SecP = h/b=r/-x is -ve

—

CotP= b/p=-x/y is -ve

Thus in the 2" quadrant only sinP and cosecP are positive and all other
ratios are negative.

Case-3 When P lies in the 3" quadrant x & y both are -ve .

SinP=p/h=-y/ris -ve

y
CosP = b/h=-x/r is -ve / x, y)
TanP = p/b=-y/-x is +ve __
CotP=b/p=-x/-y is +ve /

SecP=h/b =r/-x is -ve

cosecP=h/p=r/-y is-ve

Hence in the 3" quadrant only tanP and cotP are positive and other
ratios are negative.

Case-4 when P lies in the 4" quadrant, x is +ve and y is — ve



SinP =p/h=-y/ris -ve y

X, y)
CosP =b/h =x/ris veP /
, AR
TanP = p/b=-y/xis—ve \\\/x -y <
CotP=b/p=x/-y is -ve

SecP = h/b =r/x is +ve.
Thus in the 4™ quadrant cosP and secP are +ve and

Other t-ratios are -ve.

The above result may be briefly written as follows :
ASTC Rule :-

A—> All +ve

S—> Sin +ve

C—>cos +ve

T—> tan +ve

ASTC —> Add Sugar To Coffee

Sign convention for any angle:-

When the revolution of radius vector r is Counter-clockwise then the
angle is considered to be positive. when the revolution is clockwise
then the angle is considered to be negative .

Note: The sign of radius vector is always positive .

Relation between the trigonometric :-



Reciprocal relation between t — ratios :
SinP =p/h cosecP =h/p

CosP =b/h secP = h/b

TanP =p/b cotP = b/p

It can be easily seen that sinP and CosPare reciprocal of each other .
similarly cosP and secP are reciprocal of each other and tanP and cotP
are reciprocal of each other .

tanP =sinP/cosP  cotP = cosP/sin P
Relation between trigonometric Ratios : -
Identities:

1. Sin?P+ cos?P =1, sin?P =1- cos?P , cos?P =1 - sin?P
Each of sin?P and cos?P < 1.
So, -1<sinP<1 and -1 <cosP<1
Thus , domain of sinP and cosP is the set of all real numbers and
range is the interval [-1, 1]
2. Sec?P - tan?P =1, sec?P= 1+ tan?P and tan?P =sec?P-1
(secP +tanP )(secP —tanP)=1
=>secP+ tan P=1/(sec P - tan P)
3. Cosec? P -cot?P=1, cosec?P =1+ cot?P and
cot?P= cosec?P - 1
( Cosec P + cot P )(cosecP- cotP) = 1 => cosec P+cotP = 1/ (cosec
P - CotP)

Note : -co< tanP < o

o Trigonometric Ratios of Allied Angles



We might calculate the trigonometric ratios of angles of any value
using the trigonometric ratio of allied angles.

sin(—0) = —sin@® and cos(—0) = cos 6

sin (g — 0) = cos 0 and cos (g— 0) =sin 0
tan(—0) = —tanO andcot(—0) = —cot0

tan (g — 0) = cotf andcot (g — B) = tan@
cosec(—0) = —cosecO and sec(—0) = sec@

sec (g — 9) = cosec O and cosec (g — 0) = secO
sin(§+9)=cose and cos(§+0)=—sin0

3

tan(5+9) = —cot0 and cot(§+9) = —tan@

sec(§+9) = —cosecf and cosec(§+0) = —secO

sin(t—0) =sin® andcos(m—0)=—cosO
tann(—0) = —cot0 cot(m— 0) = —cot O
cosec(m — B) = cosec 6 sec(t—0) = —secH

sin(m+60) = —-sin® andcos(m+0) =—cos0
tan(mt+0) =cotd cot(m+ 0) =coth
sec(m+ 0) = —secO and cosec(m+ ) = —cosecO

sin(2m — 0) = —sin 0 and cos(2mw — 0) = cos O



tan(2mr— 0) = —tan @ and cot(2mw — 0) = —cot O
sec(2mr — 0) = secO and cosec(2m — @) = —cosecH
sin(2mr + 0) = sin0 and cos(2m + 0) = cos O
tan(2m + 0) = tan 0 and cot(2m + 0) = cot O

sec(2m + 0) = secH and cosec(2mw + 0) = cosecO

b.Compound Angles :-- When an angle formed as the algebraic
sum of two or more angles then the angle is called a compound angle .

Thus (A+B) and (A+B+C) are compound angles ..

Trigonometric Functions of Sum or Difference of Two
Angles

A. Addition Formulae: B. Difference Formulae :
(a) sin(A + B) = sin Acos B + cos Asin B (b) sin(A — B) = sin Acos B — cos Asin

c) cos(A + B) = cos Acos B —sin Asin B (d) cos(4 — B) = cos Acos B + sin Asin B

tan A+tan B
1—tan AtanB

tan A—tanB
1+tan Atan B

(e)tan(A + B) = (f) tan(A — B) =

cotAcotB-1
cotB+cotA

cotAcotB+1
cotB—cotA

(g) cot(A+B) =

(h) cot(A—B) =

(i) sin?4 — sin®?B = cos?B — cos?A = sin(4A + B) - sin(A — B)

(i) cos?A — sin?B = cos?B — sin?A = cos(A + B) - cos(A — B)

tan A+tan B+tan C—tan Atan Btan C
1—tan Atan B—tan Btan C—tan Ctan A

(k)tan(A+ B+ C) =

The products of sin-cos ratios as their sum and difference :

1. 2 sin A. cos B =sin (A+B) + sin (A-B)



2. 2 cos A. Sin B =sin (A+B) — Cos (A-B)
3. 2 cos A. cos B =cos (A+B)+ cos (A-B)
4. 2 sin A. sin B= Cos (A-B) — cos (A+B)

Factorisation of the sum or difference of two sines or cosines (Product
Formulae) : -

i i . C+D c-D
(@) sinC + sin D = ZsmTcosT

. . C+D . C-D
(b) sinC — sinD = ZcosTsmT

C-D

C+D
(c) cosC+ cosD = ZCOSTCOST

. C+D . C-D
(d) cosC — cosD = —ZsstmT

Trigonometric ratios of multiple angles :-

1. Sin2A =2sin A.Cos A = 2tanA/(1+tan?A)

2. Cos 2A = cos?A - sin?A = 2cos?A -1 =1 - 2sin?A = (1- tan®? A)/ ( 1+
tan?A;

3. Tan2A = 222

4. sin 3A = 3sinA — 4 sin3A

5. Cos 3A = 4cos3A — 3 cosA

6. 3tanA—tan3 A

tan3 A =
1-3tan? A

Trigonometric ratios of sub-multiple angles :-
1. SinA= Zsing .Cosg
2. 2 cos?A/2=1+Cos A, 2sin*A/2=1- cosA
3. tanA = (2tan§ )/ (1-tan? 2)



\/

% . Important Trigonometric Ratios

(a) sinnm = 0; cosnmt = (—1)";tannm = 0 wheren € Z

(b) sin 15° or sin% = \/2_3—\/_51 = cos 75° or cos i—z;
cos 15° or cos% = \/i;; = sin 75° or sini—z
V3—-1
tan15° = Al 2 —/3 = cot75°
V3 +1
tan75" = =2 +/3 =cot15°
V3—-1
(c) Sirlll0 or sin 18° = %&cos 36° or cos% = \/5:1
PROBLEMS :

1. If (A+B)=45% find the value of (1 + tan A) ( 1 + tan B).
Solution:  Given that A+ B =45’

Taking tan in both sides , tan ( A +B ) = tan45’

tanA+tanB
1-tanA.tanB

=1 = tanA + tan B = 1- tanA. tanB

= tanA+tanB+tanA.tanB=1
Adding 1 on both sides, = 1+ tanA +tan B+ tanA .tanB=1+1 =2
= (1+tanA)+tanB(1+tanA)=1+1=2,
= (1+ tanA)(1+tanB) = 2 (ans)

2. Iftana =%, tanB = § then find the value of (a+f) .



1. 1
tana+tanf Sts 5/6 0
= 23 == =1=tan45
l1-tanatanf 1—(5_)(5) 5/6
= (a+B) = 45" (ans)
3. Find the value of sin 105° . cos 5°.
Solution : sin 105° . cos 5° = % (25sin105°.cos 5°) =

+5%) . cos 5°)

Solution: tan (o +p ) =

N |-

(2sin(90

in A . —sin A
ISR 2+ 1, then find the value of s

cos A cos A

4. If
5.

INVERSE TRIGONOMETRIC FUNCTIONS
BASIC CONCEPTS

INVERSE CIRCULAR FUNCTIONS

1.y =sin-1x iff x=siny
2.y =cos-1x iff x=cosy
3.y =tan-1x iff x=tany
4.y=cot-1x iff x=coty
5.y = cosec-1x iff x=cosecy

6.y =sec-1x iff x=secy



PROPERTY -1

(i) sin—1x + cos-1x=1/2, for all x € [-1,1]

(i) tan—1x + cot-1x=m /2, forallx €R

(iii) sec—1 x + cosec—1 x =1 /2 forall x € (—0,-1] U [1, o)

PROPERTY -l
(i) sin—1x = cosec—1 (i)
(ii) cos-1x = sec—1 (i)

(iii) tan—1x = cot—1 (i)

PROPERTY -llI

(i) cos—1(—x) = m—cos—1(x) for all x € [-1,1]

(i) sec—1(—x) =TT—sec—1x, for all x € (-00,-1] [1, o0)
(iii) cot—1(—x) = TT—cot—1x, for all x € R

(iv) sin—1 (—x) = —sin—1 (x), for all x€ [-1, 1]

(v) tan—-1(—x) = —tan—-1x, forallx € R

(vi) cosec—1 (—x) = — cosec—1 x, for all x € (-0, —-1] U [1, o0 )

PROPERTY - IV
(i) sin(sin-1x)=x, forallx € [-1, 1]
(ii) cos(cos—1 x)=x, forallx € [-1, 1]
(iii) tan(tan—1x)=x, for all x € R

(iv) cosec (cosec—1 x) = x, for all x € (—o0, —1] U [1, o0)



(v) sec(sec—1x)=x, forall x € (—o0,-1] U [1, o0)

FORMULAS :

i) tan—1x + tan—1y= tan-1 (x +y)/1-xy ,xy<1

ii) tan—1x - tan—1y = tan-1 (x +y)/1-xy ,xy>-1

i) 2tan—1x=tan—1 ( 2’;2), Ix | <1

1—

. . 2x

iv) 2tan—1x = 5|n—1(1+x2) , Ix] <1
1-x2

V) 2tan—1x = cos—1 ( 5), x=0
1+x

vi) sin—1x + sin—1ly=sin-1 (x. /1 —y?2 + y.V1 —x?)

vii)  sin-1x-sin-1y= sin-1(x. /1 —y%2 -y .V1—x2)

viii)  cos—1x+cos—1y= cos—1(xy-v1—x2 . \/1 —y2 )

ix) cos—1x - cos—1y = cos—1 (xy + V1 — x2 .\/1—y2 )

X) tan—1 x+ tan—1y+ tan—1z = tan—-1[ XEYRETRYZ ] ifx>0,y>0,z>0 & xy+yz+zx <1

1-xy-yz—-2zx

Note ©

(i) if tan—1 x + tan—1y+ tan—1z = nt then x+y+z = xyz
(ii) If tan—1 x+tan—1y+tan—-1z=m/2 then xy+yz+zx=1
REMEMBER THAT :

(i) sin—=1 x+sin—1 y+sin—-1 z=3m/2 =>x=y=2=1



(i) cos—1x+cos—1 y+ cos—1 z = 3] x=y=z=-1

(iii) tan—1 1+ tan—1 2+ 2tan—1 3= tan -1+tan-1(1/2)+tan-1(1/3) = TT/2

Short questions:

(a) Prove that 4 cos105°. cos15%+ 1= 0. (w-19)

1 A+B A-B 1
6. IfcosA= E,cosB=1,then provethattan%.tan7=§.

. 15 12 .
7. Ifsina= P and cos B = o where a, B are acute angles, find the value of
sin (a+p).
. , . . 1
8. If a and B lie in the first and second quadrants respectively and if sin a = 5

,sinB=§then find the value of sin (a + B) . (w-19)

1+sin A . 1-sin A
9. |f A _ o4 1, then find the value of ——
cos A coS A

10.Find sin 105° . cos 5°.

0
11.Find the value of 1tan15 (w-19)

—tan?15

12.Find the value of sin70° (4cos? 20°-3). (w-20)
13.Find the value of sec?(tan™12) + cosec?(cot~13) (w-19)

LONG QUESTIONS :

1. IFA+B+C=T], PROVE THAT
i. Sin 2A +sin 2B +sin 2C=4sin A.sin B. sin.  (w-19)



ii. cos?A+ cos?B+cos?C = 1- 2cosA.cosB.cosC

. prove that tan 371;°=\/8+ V3-2 -2

. Prove that

a. 4sinA.sin (60-A).sin (60 +A)=sin3A

b. Sin20°. Sin40° .sin60°. sin80° = — .

16
. . _1i -1 3
Find the value of sin NG + cos 7

(w-19)

(w-20)

(w-20)

If tan™Ix + tan~ly+ tan~1z =m then prove that x+y+z = xyz .

.(w-20)



INVERSE TRIGONOMETRIC FUNCTIONS
BASIC CONCEPTS
INVERSE CIRCULAR FUNCTIONS

1.y =sin-1x iff x=siny
2.y =cos-1x iff x=cosy
3.y =tan-1x iff x=tany
4.y =cot-1x iff x=coty
5.y = cosec-1x iff x=cosecy
6.y =sec-1x iff x=secy

PROPERTY - |
(i) sin—1x + cos-1x=m/2, forall x € [-1,1]

(il) tan—1x + cot-1x=m /2, forallxe R
(iii) sec—1 x + cosec—1 x =m /2 forall X € (—o0,-1] U [1, o)
PROPERTY - I

0] sin—1x = cosec-1 (i)
(i) cos-1x = sec—-1 (i)

(i)  tan—1x = cot-1 (i)

PROPERTY -llI

(i) cos—1(—x) = m—cos—1(x) for all x € [-1,1]

(i) sec—1(—x) =TT—sec—1x, for all x € (-0,—1] [1, o)

(iii) cot—1(—x) = T]—cot-1x, forall x € R

(iv) sin—1 (—x) = — sin—1 (x), for all xe [-1, 1]

(v) tan-1(—x) = —tan—1x, forallxe R

(vi) cosec—1 (—x) = — cosec—1 x, for all x € (=0, =1] U [1, )

PROPERTY - IV
() sin(sin-1x)=x, forallxe [-1, 1]
(i) cos(cos—1 x)=x, forallxe [-1, 1]
(iii) tan(tan—-1x)=x, forallx € R
(iv) cosec (cosec—1 x) = x, for all x € (-0, —1] U [1, o0 )
(v) sec(sec—1x)=x, forall x € (—oo0, =1] U [1, )

FORMULAS :



i) tan—1x + tan—-1y= tan-1 (x +y)/1-xy ,xy <1

ii) tan—1x - tan—1y = tan—-1 (x +y)/1-xy ,xy >-1

i) 2tan-Ix=tan-1 (=), x [<1

v)  2tan-x= sin-1(—=) , X <1

1-x2
1+ x2

V) 2tan—1x = cos-1 ( ), x=0

Vi) sin—1x + sin—1ly=sin-1(x. /1 —y? + y.V1 —x?)

vii)  sin-1x - sin-1ly= sin-1(x./1—y2 -y .V1—x?)

vii)  cos—1x +cos-1y = cos-1(xy-v1—xZ .\/1—-y% )

iX) cos—1x - cos-1y = cos-1 (xy +V1—xZ .\/1—y% )

= XAYHZZXYZ 4
X) tan—1 x+ tan—-1y+ tan-1z = tan—-1][ PEv—— ] fx>0,y>0,z>0 & xy+yz+zx <1
Note ©
0] if tan—1 x + tan—1y+ tan—-1z=[] then x+y+z = xyz
(i) If tan—1 x+tan—1y+tan—1z= 1/2 then xy+yz+zx=1

REMEMBER THAT :

(i) sin—1 x+sin—1 y+sin—1 z= 311/2 =>x=y=2=1
(i) cos—1x+cos—1 y+ cos—1 z = 3] x=y=z=-1
(iii) tan—1 1+ tan—1 2+ 2tan—1 3=tan -1+tan-1(1/2)+tan-1(1/3) = T]/2



Chapter -3
CO-ORDINATE GEOMETRY IN TWO DIMENSIONS

OBJECTIVES

% Introduction

% Distance formula, division formula (both internal & external )

s Slope of line & angle between two lines, condition of parallelism &
perpendicularity

¢ Different forms of St. line (i). one point form (ii). Two point form (iii). Slope form
(iv). Intercept form (v) perpendicular form

% Equation of a line passing through a point & (i). parallel to a line (ii) perpendicular

toaline

Equation of a line passing through the intersection of two lines

Distance of a point from a line

Problems based on above

A . INTRODUCTION :

The method of finding the , position of a point in a plane very precisely was introduced
by the French Mathematician and Philosopher, Rene Descartes (1596-1650).

7 R/ 7/
R XS X X4

In this, a point in the plane is represented by an ordered pair of numbers, called the Cartesian co-
ordinates of a point .

COORDINATE SYSTEM :

The position of a point in a plane is fixed w.r.t. to its distances from two axes of reference, which

are usually drawn by the two graduated number lines XOX" and YOY", at right angles to each
other at O.

The number plane (Cartesian plane) is divided into four quadrants by these two perpendicular axes
called the x-axis (horizontal line) and the y-axis (vertical line). These axes intersect at a point
called the origin. The two axes together are calld rectangular co-ordinate system .The position
of any point in the plane can be represented by an ordered pair of numbers (X, y). These ordered
pairs are called the coordinates of the point.

It may be noted that, the positive direction of x-axis is taken to the right of the origin O, OX and
the negative direction is taken to the left of the origin O, i.e., the side OX’. Similarly, the portion
of y-axis above the origin O, i.e., the side OY is taken as positive and the negative direction is
taken to the below the origin O, i.e., the side Oy’.



CO-ORDINATES OF A POINT :

The position of a point is given by two numbers, called co-ordinates which refer to the distances
of the point from these two axes. By convention the first number , the x -co-ordinate (or
abscissa), always indicates the distance from the y-axis and the second number, the y-
coordinate (or ordinate) indicates the distance from the x-axis .

Ay
5.
e SO— - (3.4)
R +(4,3)
btk :
o

In general, co-ordinates of a point P(x, y) imply that distance of P from the y-axis is x
units and its distance from the x-axis is y units.

You may note that the co-ordinates of the origin O are (0, 0). The y co-ordinate of every point on
the x-axis is 0 and the x co-ordinate of every point on the y-axis is 0.

In general, co-ordinates of any point on the x-axis to the right of the origin is (a, 0) and that to left
of the origin is (—a, 0), where ‘a’ is a non-zero positive number.

Similarly, y co-ordinates of any point on the y-axis above and below the x-axis would be (0, b)
and (0, —b) respectively where ‘b’ is a non-zero positive number.

You may also note that the position of points (x, y) and (y, X) in the rectangular, coordinate system
is not the same.

For example position of points (3, 4) and (4, 3) are shown in above Figure .

It is clear from the point A(3, 4) that its x co-ordinate is 3 and the y co-ordinate is 4. Similarly x
co-ordinate and y co-ordinate of the point B(4, 3) are 4 and 3 respectively.

QUADRANTS :



Y AY
I’ (=4 (= 4)
_ I Quadrant I Quadrant
- h < .
x' 0 x’ 0 X
=) (+.-)
i I Quadrant IV Quadrant
vY 'Y

The co-ordinates of all points in the first quadrant are of the type (+, +) (See Fig.)

Any point in the Il quadrant has x co-ordinate negative and y co-ordinate positive (-, +),
Similarly, in 1l quadrant, a point has both x and y co-ordinates negative (—,—) and in IV quadrant,
a point has x co-ordinate positive and y co-ordinate negative (+,-).

For example :
(@) P (5, 6) liesin the first quadrant as both x and y co-ordinates are positive.

(b) Q (-3, 4) lies in the second quadrant as its x co-ordinate is negative and y co-ordinate is
positive.

(c) R (-2, -3) lies in the third quadrant as its both x and y co-ordinates are negative.

(d) S(4,-1) lies in the fourth quadrant as its x co-ordinate is positive and y coordinate is negative

B. DISTANCE BETWEEN TWO POINTS :-

The distance between any two points P(x1, y1) and Q(Xz, y2) in the plane is the length of the line
segment PQ.

From P, Q draw PL and QM perpendicular on the x-axis and PR perpendicular on QM.

Then OL=x1, OM=x2, PL=y1 QM =y:

PR=LM=OM-0OL= x,—x,

QR=QM-RM=QM-PL=y,-y:

Since PQR is a right angled triangle
PQ? = PR* + QR? ’

Qlx,
=(xp — %)+ (Y, — V1) 2 e

PQ=\(x, —x)? + (Y, — Y1)

Py 0.,




Therefore,

Distance between two points =, /(differnce of abcissa) 2 + (difference of ordinate)2
Corollary : The distance of the point (x1, y1) from the origin is /x,2 + y,2 .
Example -1

Find the distance between two points in each of the following cases

a) p(6,8) and Q(-9,-12) b) A(-6,1) & B(-6,-11)

Solution : a) By using distance formula, PQ = /(=9 — 6)2 + (—12 — 8)% =
J(=15)% + (=20)2= /(225 + 400 = V625 = 25 units

b) AB=.{-6— (—6)}>+ (—12 —8)2=,/0+ (—20)2 =400 =20 Units

SECTION FORMULA :
1.Internal division :

Co-ordiantesofapoint which divides the line segment joining the points (Xl’

Y and (x, Y, in the ratiom : ninternally are ((22t0XL my2+nyly

m+n m+n
2.External division :

Co-ordiantesofapoint which divides the line segment joining the points (Xl’

Yy and (x,, Y))in the ratio m : nexternally are (ZX2-DXL myz-nyiy

m—n m-n

Mid- Point Formula :
The co-ordinates of the mid-point of the line segment joining two points (xi, y1) and (Xz, y2) can
be obtained by taking m = n in the section formula above.

Putting m=nin (1) above, we have

The co-ordinates of the mid-point joining two points (X1, y1) and (xz, y2) are:
x1+x2 yl+y2
2 2 ) -
Example : Find the co-ordinates of a point which divides the line segment joining each of the
following points in the given ratio:

(@) (2, 3) and (7, 8) in the ratio 2 : 3 internally.



(b) (-1, 4) and (0, —3) in the ratio 5 : 4 externally.
Solution: (a) Let A(2, 3) and B(7, 8) be the given points.
Let P(x, y) divide AB in theratio 2 : 3 internally.

Using section formula, we have

2xT7+3x2 _2
X = 243 5 =4

2x8+3x3 25

andy= 2+3 5=5
. P(4, 5) divides AB in the ratio 2 : 3 internally.

(b) Let A(-1, 4) and B(0, 3) be the given points.
Let P(X, y) divide AB in the ratio 5: 4 externally.
Using section formula, we have

= 5%x(0)—4x(-1) — 0+4

5—-4 1
and y== 2@ 2 1506

. P(4, -1) divides AB in the ratio 5 : 4 externally.

=4

Example-2 : Find the mid-point of the line segment joining two points (3, 4) and (5, 12).
Solution: Let A(3, 4) and B(5, 12) be the given points.
Let C(x, y) be the mid-point of AB. Using mid-point formula, we have,

3+5

X= 2 =4

and y= 2 =8

. C(4, 8) are the co-ordinates of the mid-point of the line segment joining two points (3, 4) and
(5, 12).



Example-3: The co-ordinates of the mid-point of a segment are (2, 3). If co-ordinates of one of
the end points of the line segment are (6, 5), find the co-ordinates of the other end point.

° ° )
Solution: Let other end pointbe A(X,y)  Ax y) C(2, 3) B(6, 5)
It is given that C(2, 3) is the mid point
. We can write,
X +6 y +5
2= and 3=
2 2

or 4=x+6 or 6=y+5
or X=-2 or y=1
- (=2, 1) are the coordinates of the other end point.

C. SLOPE OF ALINE:

y/

Inclination of a line : The angle made by a line with the positive direction of x-axis

measured in anti clockwise .

SLOPE OR GRADIENT OF A LINE : Slope ofa line is tangent of angle of
inclination of the line. Generally it is denoted by the letter ‘m’. If 6 is the inclination of the
line then slope of the line, m=tan®.

SLOPE OF A LINE IF TWO POINTS ON IT ARE GIVEN :



Slope of the line-segment joining P(X1, y1) and Q(Xz, y2) is given by,

2—-vl1
m = yi-y
X2—Xq

Example : A line passes through the points (1, 2) and (5, 10). Find its gradient .

Solution : Slope = 28>
5-1 4

Since tan® is not defined when 0 = 7/2, the slope of a line perpendicular
to the x-axis (i. e) parallel to the y-axis is not defined.
Condition of perpendicularity and parallelism :

Two non-vertical straight lines are (i) parallel if only if their slopes are equal and
perpendicular if and only if the product of their slopes is -1 .

Angle between two lines :-

If m1 and m2 are the slopes of two lines, then the tangent of the measure of the
angles between them are given by

Examples : Find the tan® where 0 is the acute & obtuse angles between the lines
having slopes 1 & %2 .

- - 1_1
Solution: tanp = X2—mb _ i<2—1> = 4

1+ mim2 1+E'1

Il
-+
w R

L_ocus of an equation and equation of A locus :

Definition of Locus: A graph or locus of an equation in x and y is defined as the path traced by a
moving point (X,y) whose co-ordinates satisfy the given equation.

Definition of equation :

The equation of a locust of a moving point (x,y) is the relation between x and y satisfied by the co-
ordinates of all points of the locus and by no others .

If P(X, y) be any point on the locus then it should obey the geometric condition which defines the
locus. There are algebraic relation between X and Y obtained by using the geometric property
represents the equation of the given locus .



STRAIGHT LINE :-

A set of points in a fixed direction is called a straight line.

Equation of a St. Line in different forms

(i) One-point form :
Equation of aline passing through the point (x4,y4) with slope ‘m'is
(Y-y1)=m(X-xq1)
(i) Two-point form :-

Equation of the line passing through two ponts (x4,y1) and (x,, y,) is

—(2-y1)
(Y-yq) = (x2—x1) (X- xq)

(1ii) Slope — intercept form :

Equation of a line with slope m and whose y -intercept is c is y=mx+ c .

(iv) Intercepts form :

Equation of a line with x-intercept ‘a’ and y-intercept ‘b’ is given by §+ % =1
(V) Perpendicular form :

If ‘p’ be the length of the perpendicular from the origin to a straight line and a be the inclination
of this perpendicular then the equation of the straight line is

Xcosa +ysinoa=p.
GENERAL FORM :

It may be observed that the equation of the straight line in the above five forms are all linear
in x and y this suggests that the general linear equation in x and y

Ax + By +Cz =0 where A, B ,C are real constants and both A and B are not 0, a straight line.
(Vi) Equation of a line passing through one point and parallel to one line

If one line passes through a pt. (x4,y1) and llel to a line y= mx+c then the equation of the
required line is given by

(Y-yl)=m(X- x1) (asslope of two llel lines are equal .
Vii) Equation of a line passing through one point and Perpendicular to one line

If one line passes through a point (x4,y4) and perpendicular to a line y = mx + ¢ then the equation
of the line is given by

(Y-y1)=(-2) (X—x1)
(Viii) Equation of a line passing through intersection of two lines A;x +B;y+ C1=0 and

A,Xx +B,y+ C2=0 is given by



(A1x+B1y+ Cl) + kK (A;x +B,y+ C2 )= 0 Where k is any constant which can be found out by
the given condition .

Problems :

1. Find the equation of the line passing through the point ( -3,3) and having
slope -1/4/3 .

Solution : The coordinates of the given point are (- 3,3)
slope of the line = -1/v/ 3

So, equation of the line is

(Y -3) = - = (x+3)

= 3y -3V3=-x-3
= X +\V3y+3-V3 =0 (ans)

2. Find the equation of straight line making an intercept 3 from Y-axis and
whose inclination is 135° .

Solution :
The inclination of the line is 135° . slope of the line = tan 135°= -1
y- intercept of the line= 3
so, Equation of the line is,
y=mx+3

= Y=(-1). X +3
= X+y+3=0 (ans)

Example-3 Find the equation of the line passing through two points (2,-3) &
(1,5).

Solution :

Two given points are (2,-3) & (1,5) .

Equation of the line passing through above two points is

v-(-3) =2 (x-2)

= Y+3=8% (x2)

-1

= Y+3=-8(x-2)



= Y+3 = -8x +16
= 8x+y-13=0 (ans)

Example-4 Find the equation of the line which passes through the point (2, 3)
and has equal intercepts on the axes .

Solution : Let the equation of the line be §+ % =1

As the intercepts are equal , a=b
So, the equation becomes

—+——1 >ﬂ—1 =>x+y=a

As the line passes through (2,3),
2+3=a=>a=5
Therefore the required equation of the lineis, x+y=5. (Ans)

Example-5 Find the equation of Line whose length of the perpendicular from
the origin is V2 and the inclination of the perpendicular is 45° .

Solution : Here given that P=12
And a = 45°
So, equation of the line is,
Xcosatysinoa=p
= Xcos 45° + y sin45° =2

E:)XT‘FY \/_

x+y
=5 =V2
= X+y=2 (Ans)

Example-6 find the equation of the line which is parallel to 2x+ y-1 = 0 and
passes through (1 ,6) .

Solution : As the line is llel to the line 2x+ y-1 =0, slope of the required line is -2
& also it passes through the point (1,6) .

So equation of the line is ,
y-6 =-2 (X-1)=>y—-6=-2x +2
= 2x+y-8=0 (ans)



Example-7 Find the equation of the line which is perpendicular to x +2y = 2
and passes through (2 ,1)

Solution : Slope of the given line is (-1/2) .

)

So, slope of the required line is =2

It passes through (2,1) also,
Hence equation of the line is,
(y-1)=2( X-2)=>y-1=2x-4
= 2Xx-y-3=0 (ans)

Example -8 Find the equation of the line Which passes through the point of
intersection of the lines 2x - 3y =1 and x +3y = 4 & having slope 2.

Solution : Equation of the line passing through two pt. Of intersection of lines
2x-3y=1land x+3y =14 is

(2x-3y-1) + k(x+3y-4) =0
= (K+2) x + (3k-3) y +(-4k-1) =0

‘o line —  (k+2)
Slope of this line = (ak=3)
Given that slope of this line = 2
(k+2)
S0, — (3k-3)

= -(k+2) = 2(3k-3)= 6k-6
= 7k=-6+2 =-4=>Kk=-4/7
So equation of the line is,
(2+2x+3x(-3) -3}y -4x(-2)-1=0
7 7 7

—4+14 —-12-21 16-7

= x+7y+7=0

s oo (B)y 430

= 10x—33y+9=0 (ans)

Example-9 Find the slope and y-intercept of the line 2x -3y+5 =0
Solution : Given that 2x -3y+5 =0
= 3y=2X+5
> Y=2x42
3 3



So, Slope of the line is 2/3 and y- intercept is 5/3 .

Example-10 Find the value of k if the lines 2x -3y+7= 0 & x-ky+2=0 are perpendicular to
each other .

Solution:  Slope of 2x-3y+7=0, = — (_i3) = %

Slope of x-ky+2=0, = -1/ -k = 1/k
Given that, 2x -3y+7=0 & x-ky+2=0 are perpendicular to each other .
So, the product of their slopes = -1

So, () () =-1
= K=-2/3 (ans)

Distance of a point from a line :-

The length of the Perpendicular Distance from a point (X1, y1) on the line Ax +By+
C=0,

_ |Ax1+By1+ C|
V(A2+ B2)

Corollary: The Length of the Perpendicular from the origin on the line Ax +By+
C =01is given by,

| |
VA%+ B2

Example:1 Find the distance of the point (2,3) from the line 2x+ 3y -9=0.

Solution: The distance of the point (2,3) from the line 2x+ 3y -9=0,

_|22433-9] _ 4
~ J22432 T Vi3
Example :2 Find the distance of the origin from the line 2x -y- 1=0 .

units

Solution: d = —<

V A%+ B?
-1 _ 1

N units (ans)

So, here d=

SHORT QUESTIONS :-

1. Find the equation of the line whose x-intercept is 3 & y- interceptis4. (W-19)

2. Find the value of k if the lines 2x -3y+7= 0 & x-ky+2=0 are perpendicular to each other .
(W-20)

3. Find the slope and y intercept of the line 2X -3Y + 8 =0



LONG QUESTIONS :-

1. Obtain the equation of the line passing through the point (-2,3) and perpendicular
tothe line3X +4Y -11=0.(W -19)

2. Find the equation of the line passing through the intersection of 2x-y -1=0 and 3X
-4Y + 6=0 and parallel to the line x +y-2 =0 (S-19, w-20)

3. Find the equation of the line passing through the (2 — 4) and parallel to the line
4x+y -3=0 (W-20)

Q
S
Q
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Chapter- 5
Three Dimensional Geometry

Contents :

>
>

VVVVY

Distance formula, Section formula

Direction cosines and direction ratios of a line, formula for angle between two
lines condition of perpendicularity & parallelism

Equation of a plane, General form

Angle between two planes

Problems

Perpendicular distance of a point to a plane

Equation of a plane passing through a point (i) llel to a plane (ii) perpendicular
to a plane

Coordinate System

The three mutually perpendicular lines in a space which divides the space into eight parts and if
these perpendicular lines are the coordinate axes, then it is said to be a coordinate system.

Sign Convention

e e

6ct—am Coordinate X | y | ¥

OXyZ

ox'yZ

XY’ 2

OXYZ’ 4 J
ox'Y'2Z

oX'YZ' -

oxy'Z’
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A. Distance between Two Points

Let P(X1, Y1, 1) and Q(Xz, Y2, Z2) be two given points. The distance between these points is
given by

PQ =V(x2 — X1)? + (Y2 — y1)? + (22 - 22)?

The distance of a point P(x, y, z) from origin O is
OP =Vx2+y? + 72

Section Formulae

(i) The coordinates of any point, which divides the join of points P(X1, y1, 1) and Q(Xz, Y2, Z2)
in the ratio m : n internally are

(mxz2 + nx1/ m+n, my2+ny;/ m+n, mzz+nzy/ m+n)

(if) The coordinates of any point, which divides the join of points P(X1, y1, z1) and Q(Xz, Y2, Z2)
in the ratio m : n externally are

(mx2 —nx1/m-—n, my,—ny;/ m—-n, mz;—nz;/ m-n)
(iii) The coordinates of mid-point of P and Q are
(X1 +X2)/ 2, (y1+Y2) 2, (za+22)/ 2)

(iv) Coordinates of the centroid of a triangle formed with vertices P(X1, y1, z1) and Q(X2, Y2, Z2)
and R(xs, ys, z3) are

(X1 +Xo+X3/3,y1+Yyo+Vy3/3,21+22+23/3)
(v) Centroid of a Tetrahedron

If (X1, Y1, Z1), (X2, Y2, Z2), (X3, Y3, Z3) and (X, Y4, Z4) are the vertices of a tetrahedron, then its
centroid G is given by

(X1 +Xo+Xs+Xg [4,y1+Yo+Yys+yald z1+2,+23+24/4)
Direction Cosines & direction ratios of a Line :

If a directed line segment OP makes angle a,  and y with OX , OY and OZ respectively, then

Cos a, cos P and cos vy are called direction cosines of OP and it is represented by I, m, n. i.e.,
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| =cosa

m = cos [
and n = cosy

If OP =r, then coordinates of OP are (Ir, mr, nr)

(i) If 1, m, n are direction cosines of a vector r, then

(@ PP+m2+n2=1

(b) Projections of r on the coordinate axes are

(€) |r| = l|r|, mlr|, nfr| / Vsum of the squares of projections of r on the coordinate axes

(i) I P(x1, y1, z1) and Q(X2, Y2, z2) are two points, such that the direction cosines of PQ are
I, m, n. Then, X — X1 = I|PQ|, Y2 — y1 = m|PQ|, z2 — z1 = n|PQ|

These are projections of PQ on X, Y and Z axes, respectively.
Direction ratios of a line:

If 1, m, n are direction cosines of a vector r and a b, ¢ are three non-zero real numbers, such
that

L
a
Then, we say that the direction ratios of r are proportional to a, b,c.

Also, we have

- ms= ——— n= ————
+ a2+b2+c2 + aZ+b2+c2 ' +V a?+b?+c?

a b c
E =
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The signs of the d.c.s are determined according to the position of

the line with respect to the coordinate axes .

Angle Between Two Intersecting Lines :-

(iii)  If O is the angle between two lines having direction cosines < l1, my, n1> & <1, my, ny>
then

cos 0 =111, + mimy + nin2

Condition of parallelism & perpendicularity :-

(@) Lines are parallel, ifle/12=mi/mz=n1/ny

(b) Lines are perpendicular, if [112 + mimz + nin

(v)  If 0 is the angle between two lines whose direction ratios are proportional to ai, by, ¢1

and ay, by, ¢z respectively, then the angle 6 between them is given by

(ala2 + b1b2 + cl1c2)
(Va12+ b1Z + c12)(Va22 + b22 + 22

cos 0=

Lines are parallel, ifai/az=bi1/b2=c1/c2
Lines are perpendicular, if aiaz + bibz + cic2 = 0.

(vi)  The projection of the line segment joining points P(x1, y1, 1) and Q(Xz, Y2, Z2) to the
line having direction cosines 1, m, n is

| (X2 =x1) I+ (y2—y1) m+ (z2—z1) n|.

(vii) The direction ratio of the line passing through points P(x1, y1, z1) and Q(Xa, Y2, Z2) are

proportional to (X2 — X1),( Y2 — Y1) (22 — 23

Then, direction cosines of PQ are X — X1/ |PQ|, y2—VYy1/|PQ|, z2—1z1/|PQ|

Angle Between Two Intersecting Lines :-
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If (11, mg, n1) and (12, my, ny) be the direction cosines of two given lines, then the angle 6
between them is given by cos 6 =111, + mimy + niny

(i) The angle between any two diagonals of a cube is cos™ (1 / 3).

(ii) The angle between a diagonal of a cube and the diagonal of a face (of the cube is cos™ (\2 /
3)

Skew Lines Two straight lines in space are said to be skew lines, if they are neither parallel
nor intersecting.

EXAMPLES:

1. Find the distance between the points (3,2,1) &(5,1,4) .
Solution:- LetPis(3,2,1) & Qis(514).
Then By distance formula,
PQ =V(x2 — X1)? + (Y2 — Y1)? + (22 — 21)?
=V (5-3)2 +(1-2)2+(4-1)? = (4+1+9)=V14 units

Q-2 Find the coordinates of the point which divides the join of the point (-4,1,-2) and (3,8,5) in
the ratio 5:2 .

Solution: Let P (x,y,z) be the point which divides the line joining the points (-4,1,-2) and
(3,8,5) .

Then, x = {5(3)+2(-4)}(5+2) = (15-8)/7=1
Y= (5x8+2x1)/(5+2) =42/7= 6

Z= (5x5 +2(-2))/ 5+2=21/7 =3

Hence the pointis (1,6,3).

Q-3 If a, B, y be the angle which a given line makes with the positive direction of the axes
then prove that sin?o + sin?f + sin?y =2

Solution : we know that I2+ m2+ n2=1
=> c0s?a. + c0s?f3 + cos?y = 1

=> 1-sin%0 + 1- sin?p + 1-sin2y = 1
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=> 3 - sina - SiN?P - sin2y = 1

=> sin?a + sin?P + sin*y = 3-1

=> gin?a + sin?B + sin?>y = 2 (proved)

Example -4 find the distance between the points ( 1,-3,4 ) and Q(-4,1,2) .

SOLUTION :

The distance between P & Q, PQ = /{(—4 — 1) + (1 + 3)?+(2-4)(2 — 4)?} =25+ 16 + 4 = /45
UNITS

e NOTE : IF three points P, Q, R are collinear , then the sum of two points is equal to the third point .

Example -5 Find the coordinates of the point which divides line segment joining A(1,-2,3) and B (3,4,-5)
in the ratio 2:3 (i) internally & ( ii) externally .

Solution :
Q) Let P(x,,y,2) be the point which divides the segment joining A & B internally in the ratio 2:3.

Therefore

— 2(3)+3(1) - 9/5 y= 2(4)+3(-2) —2/5 7= 2(=5)+3(3) -

2+3 2+3 2+3

X 1/5

Thus the required point is (9/5, 2/5, -1/5) .

(i) Let P(X,,y,2) be the point which divides the segment joining A & B externally in the ratio 2:3.
Then

K= 23730 _ 3y= 2(43(2) _ 14 = 2(9)+36) _ 49

2-3 2+3 2+3

Therefore the required point is (-3,-14,19)

Example-6 Find the direction cosines of a line if it makes equal angles with the coordinate
axes .

Solution : As the line makes equal angles with the coordinate axes the d.c.s of the line are equal.
So,I=m=n

We know that 124+ m2 +n?2 =1=>124+12+12=1=>312=1=>1=1N3
So,m=n==1A/3

~ d.c.s of the given line are < 1/\/5,%, 1/V/3>
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B. PLANE:

A plane is a surface such that, if two points are taken on it, a straight line joining them lies
wholly on the surface.

b.i General Equation of the Plane
The general equation of the first degree in X, y, z always represents a plane.
Hence, the general equation of the planeis ax+ by +cz+d=0.

Where a, b, ¢ the coefficients of x, y and z in the cartesian equation of a plane are the direction
ratios of normal to the plane.

Normal Form of the Equation of Plane

(i) The equation of a plane, which is at a distance p from origin and the direction cosines of
the normal from the origin to the plane are I, m, n is given by Ix + my + nz = p.

(i1) The coordinates of foot of perpendicular N from the origin on the plane are (1p, mp, np).

Q

Intercept Form

The intercept form of equation of plane represented in the form of
x/a+y/lb+z/c=1where, a, bandc are intercepts on X, Y
and Z-axes, respectively.

For x intercept Put y = 0, z = 0 in the equation of the plane and obtain the value of x.
Similarly, we can determine for other intercepts.

b. (ii) Angle between Two Planes

The angle between two planes is defined as the angle between the normal to them from any
point.
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Thus, the angle between the two planes aix
+ b1y+ ciz+d; =0

and aox + bzy +cz+d,=0

/ D>.C
“%ﬂ? /
. J/

Is equal to the angle between the normals with direction cosines

+a;/VE a?, + by /VZ a%, £ 1/ VE a2

and £ ay/ VX a%, £ by / VZ a%, £ 2 / X a2

If 0 1s the angle between the normals, then

cos 0 =+ ajay + biby + C1C2 / Va?y + b2 + ¢?1 Va% + b + ¢%

Condition of Parallelism and Perpendicularity of Two Planes

Two planes are parallel or perpendicular according as the normals to them are parallel or

perpendicular.

Hence, the planes aix + biy + ciz + dy =0and axx + by + ¢z + dp = 0 are

parallel, if a; / a = by / by = ¢4/ ¢ and perpendicular, if a;a; + biby + ¢1¢2 = 0.

Note : The equation of plane parallel to a given plane ax + by + ¢z + d = 0 is given by ax + by

+ ¢z + k=0, where k may be determined from given conditions.

b.(iv) Perpendicular Distance from a Point to a Plane

Let the plane in the general form be ax + by + ¢z + d = 0. The distance of the point P(x1, y1, z1)

from the plane is equal to

|
ax; + by, + ¢z, + d

| Ja*+b°+c* |
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{' ax + by +cz +ad =l

J
|

{

Example -7 Find the angle between the planes 2x-y+z=6and x +Y +2z=3 .
The required angle between the given plane is the angle between their normal .

Now the d.r.s of their normal are (2,-1,1)and (1,1,2).

So, the d.c.s of their normal are <3,_—1 L sand<: L 2

NN AN

- The required angle is cos™1[ (% . \/ig) + (—\/ig) (\/ig) + (\/ig) (%) 1= cos™11/2 = n/3 (ans)

Example -8 Find the distance of the point ( 3, 4, 7) from the plane x + 2y — 2z =9 .
Solution : the given plane is x + 2y — 2z =9

_3+24-27-9
12+22+( 2)2

Its distance from (3,4 ,7) is | =12/3=4.
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If the plane is given in, normal form Ix + my + nz = p. Then, the distance of the point P(x1, y1,
z1) from the plane is |Ix; + my1 + nz; —p|.

Distance between Two Parallel Planes

If ax + by + cz + d1 = 0 and ax + by + cz + d2 = 0 be equation of two parallel planes. Then, the
distance between them is

d, — 4,

j\"‘(].l +b* + ¢
Bisectors of Angles between Two Planes

The bisector planes of the angles between the planes a;x +
b1y+012+d1:0, a2x+b2y+022+d220 IS a;x + b1y+
Ciz+d;/ \/2321 =+ axX+ bzy +Cz+do/ \/Zazz

One of these planes will bisect the acute angle and the other obtuse angle between the given
plane.

CHAPTER-6
SPHERE :

» Equation of sphere at center and radius form
» General form of equation of a sphere

» Two end points of a diameter form

» Problems

» Sort questions & Long questions

A sphere is the locus of a point which moves in a space in such a way that its distance from a fixed point
always remains constant.

a. Equation of Sphere
a.(i) Equation of sphere at centre and radius form

1. In Cartesian Form The equation of the sphere with centre (a, b, ¢) and radius r is

www.ncerthelp.com (Visit for all ncert solutions in text and videos, CBSE syllabus, note and many more)
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(x—a)Y’+(y—h)?+(z-c)>=r>....... (1)

2. Equation of Sphere with centre at

origin (0,0,0) & radius ‘r'is X2+ y2+ 7%=

r2

In general, we can write x? + y? + 72 +
2uX+2vy + 2wz +d =0

Here, its centre is (-u, -v, -w) and radius = V(u? + v2 + w? — d)
Important Points to be Remembered

(i) The general equation of second degree in X, y, z is ax? + by? + ¢z + 2hxy + 2kyz + 2lzx +
2ux +2vy + 2wz +d =0

represents a sphere, if

(@ a=b=c(#0)

(b)h=k=1=0

The equation becomes ax? + ay? + az? + 2ux +
2vy + 2wz +d -0 ...(A)

To find its centre and radius first we make the coefficients of x2, y? and z? each unity by
dividing throughout by a. Thus, we have x>+y?+z°+ (2u/a)x + (2v/a)y + (2w/a) z +

d/a=0.....B)

~Centreis(-u/a,—v/a,—w/a)and

radius =Vu?/a2+v?/a2+w?/a?—d/a=

VuZ+v2+w2—ad/ [a|.

(ii)  Any sphere concentric with the sphere x? + y? + z2 + 2ux + 2vy + 2wz + d = 0 is X? +

Y2+ 722+ 2ux+2vy + 2wz + k=0

www.ncerthelp.com (Visit for all ncert solutions in text and videos, CBSE syllabus, note and many more)
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(iii)  Since, r> = u? + v2 + w? — d, therefore, the Eq. (B) represents a real sphere, if u? +v2 +
w?—d>0

a(iii) Two end points of a diameter form:
Equation of a sphere on the line joining two points (X1, Y1, Z1) and (X2, Y2, Z2) as a diameter is
(X=X1) (X=X1) + (Y—-Y1) (Y—VY2) + (z—121) (z—22) = 0.

(The equation of a sphere passing through four non-coplanar points (X1, Y1, Z1), (X2, Y2, Z2),
(X3, Y3, Z3) and (Xa, Ya, Z4) is

?x;’+y2+zz x y z l‘
-“'vz*'y;?"zf X, ¥y z 1
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